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Key Points:

* Soil biogeochemical models (SBMs) represent the dynamics of soil systems and
predict their responses to climate change.

» We fit stochastic SBMs to synthetic data on soil carbon pools and respiration to
assess model accuracy and estimate parameter values.

« We develop a variational inference method based on normalizing flows for stochas-
tic SBM data assimilation and parameter estimation.
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Abstract

Soil biogeochemical models (SBMs) represent soil variables and their responses to global
change. Data assimilation approaches help determine whether SBMs accurately repre-
sent soil processes consistent with soil pool and flux measurements. Bayesian inference
is commonly used in data assimilation procedures that estimate posterior parameter dis-
tributions with Markov chain Monte Carlo (MCMC) methods. The ability to account
for data and parameter uncertainty is a strength of MCMC inference, but the compu-
tational inefficiency of MCMC methods remains a barrier to their wider application, es-
pecially with large datasets.

Given the limitations of MCMC approaches, we developed an alternative variational
inference framework that uses a method called normalizing flows from the field of ma-
chine learning. Normalizing flows rely on deep learning to map probability distributions
and approximate SBMs that have been discretized into state space models. As a test of
our method, we fit approximated SBMs to synthetic data sourced from known data-generating
processes to identify discrepancies between the inference results and true parameter val-
ues. Our approach compares favorably with established MCMC methods and could be
a viable alternative for SBM data assimilation that reduces computational time and re-
source needs. However, our method has some limitations, including challenges assimi-
lating data with irregular measurement intervals, underestimation of posterior param-
eter uncertainty, and limited goodness-of-fit metrics for comparison to MCMC inference
methods. Many of these limitations could be overcome with additional algorithm devel-
opment based on the approaches we report here.

Plain Language Summary

Mathematical models are important tools for predicting how global climate change
might affect the storage of soil carbon, a key question in Earth system science. However,
current models vary dramatically in their predictions, and scientists need better com-
puter techniques to assess how well the models perform. To address this need, we de-
veloped a new technique that uses generative machine learning to optimize and compare
soil models with soil carbon data. Our method is flexible and efficient, and it meets or
exceeds the performance standards of established techniques for model-data compari-
son. Although our method looks promising, it needs further improvement to handle real-
world data and more sophisticated mathematical models. Our study lays the ground-
work for overcoming these limitations so that our method can be applied more widely.

1 Introduction

Soil biogeochemical models (SBMs) are differential equation systems that repre-
sent dynamics of carbon and nutrient transfers between soil pools, including soil organic
(SOCQ), dissolved organic (DOC), and microbial biomass carbon (MBC). The state vari-
ables of SBMs are typically densities or masses of elements in those pools (Manzoni &
Porporato, 2009), and fluxes of CO2 can be estimated from those state values and mi-
crobial parameters (Allison et al., 2010). As soil microbial communities evolve and shift
under the selection pressures of terrestrial warming, SBMs have become an important
tool for biogeochemists to quantify changes in soil system activity and predict future soil
carbon balance (Sulman et al., 2018; Saifuddin et al., 2021).

To have confidence in SBM predictions, researchers need statistically sound approaches
for model validation (Luo et al., 2016; Xie et al., 2020; Bradford et al., 2021; Georgiou
et al., 2021; Raczka et al., 2021). The simplest validation technique is visual compari-
son of empirical observations with model outputs corresponding to manually adjusted
parameters (Sulman et al., 2014; Wieder et al., 2015). Correlation tests and root-mean-
square errors have also been used for quantitative model evaluation (Todd-Brown et al.,
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2013, 2014; Wieder et al., 2014), but these methods do not provide estimates of uncer-
tainty in SBM parameters, 6 (Vehtari et al., 2017; Gelman et al., 2014, 2019)

More advanced data assimilation approaches can estimate parameter uncertainty
even for complex models and datasets. For example, Bayesian Markov chain Monte Carlo
(MCMC) inference methods (Hararuk et al., 2014; Hararuk & Luo, 2014; J. Li et al., 2019;
Xie et al., 2020; Saifuddin et al., 2021; S. Wang et al., 2022) approximate posterior pa-
rameter distributions by sampling from ergodic Markov chains. However, the the Gibbs
(Geman & Geman, 1987) and No-U-Turn samplers (NUTS) (Hoffman & Gelman, 2014)
commonly used with MCMC methods in statistical packages like JAGS (Plummer, 2003),
Stan (Carpenter et al., 2017), and PyMC (Salvatier et al., 2016), can be computation-
ally demanding, especially for more complex models (Kucukelbir et al., 2017).

The Kalman filter and its ensemble derivatives including EnKF (Evensen, 1994)
are also useful tools for model-data assimilation across fields ranging from weather fore-
casting to physics and hydrology. The traditional Kalman filter assumes linear model
dynamics and Gaussian state distributions for a single, non-ensemble model (Kalman,
1960). Kalman filters and EnKF both operate by sampling from a model state distri-
bution, propagating each sample forward in time, and updating based on observations
to refine the state estimates (Katzfuss et al., 2016). EnKF is more flexible because it as-
sembles a state estimate from ensemble constituents with different initial conditions, bound-
ary conditions, forcings, or other model parameters.

EnKF has been applied to data assimilation of nonlinear systems and Earth sys-
tem data (Keller et al., 2018) with the aim of model parameter estimation, uncertainty
quantification, and state predictions. The method seeks to accommodate model stochas-
ticity and non-Gaussian behavior in dynamics and noise, where traditional Kalman fil-
ter frameworks fail, through ensemble propagation of Gaussian-driven noise approxima-
tions. Importantly though, EnKF may struggle to approximate strongly non-Gaussian
noise patterns in stochastic dynamical systems. Standard EnKF implementations do not
exactly and analytically represent nonlinear noise parameters governing randomness in
equation-based formulations of stochastic dynamical systems that include state space mod-
els (SSMs) and stochastic differential equations (SDEs) (Shen & Tang, 2015; Katzfuss
et al., 2016; de Bézenac et al., 2020; X. Wang et al., 2025). Consequently, for situations
where explicit analytical treatment of non-Gaussian noise is desired during data assim-
ilation, alternative methods may be needed.

Leveraging recent advances in artificial intelligence and deep learning, we investi-
gated variational inference (VI) as an alternative and computationally scalable approach
to data assimilation that flexibly admits explicit specification of Gaussian and non-Gaussian
noise in dynamical SBMs (Ryder et al., 2021). VI is an approach that frames Bayesian
inference as an optimization problem. It optimizes a pre-specified distribution family —
which could range from a simple Gaussian to a more complex form parameterized by a
deep neural network — to approximate a true posterior resulting from updating a prior
with the probability of observations under an observation model (or the likelihood) as
closely as possible (Blei et al., 2017). Our VI approach builds on previous work that tested
inference approaches for SDEs (Golightly & Wilkinson, 2006; Whitaker et al., 2017; Ry-
der et al., 2018, 2021).

In contrast to ordinary differential equation (ODE) models, which are completely
deterministic, SDE models represent randomness with stochastic diffusion parameters
(or diffusion terms/coefficients) (Golightly & Wilkinson, 2010; Fuchs, 2013; Hoffman et
al., 2013; T. Chen et al., 2014). SDEs provide the flexibility to accommodate noisy ob-
servations and underlying stochastic processes without compromising the stability of op-
timization algorithms used during inference (Whitaker, 2016; Sarkka & Solin, 2019; Wigvist
et al., 2021). Although SDE models are more computationally intensive than their ODE
counterparts, advances in graphical processing unit (GPU) architecture and parallel com-
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Figure 1: We use normalizing flows to approximate soil biogeochemical model solution
trajectories x over time ¢t. The flow operates in a generative direction, mapping a simpler
initial base distribution to a more complex one representing model output.

puting are making SDE implementation more tractable (Januszewski & Kostur, 2010).
SDE models also have advantages in representing the stochasticity inherent to many bio-
physical processes (Golightly & Wilkinson, 2005, 2011; Abs et al., 2020; Browning et al.,
2020).

For our VI approach, we applied a class of methods called normalizing flows used
in machine learning to generate probability distributions. Flows include one or more lay-
ers of random variable mappings that transform an initial base probability distribution
into a new distribution (Papamakarios et al., 2021). When transforming a simpler prob-
ability density into a more complex one (Figure 1), the flow operates in the generative
direction (Kobyzev et al., 2020). We use generative flow approximation to build a prob-
abilistic state space model for data assimilation and inference. SSMs represent the dis-
tributions of noisy observations y layered over equations (SDEs in our case) for the la-
tent state variable paths x (Sérkkd & Solin, 2019). The latent state is an unobserved set
of variables that represent the underlying dynamics of the SBM. The SDEs of the SBM
serve as known data-generating processes whose true 6 values can be compared with the
posteriors inferred from the flow-based VI method.

Unlike VI’s optimization framing, established MCMC-based Bayesian inference ap-
proaches, including NUTS, treat posterior estimation as a sampling problem in which
posteriors are estimated through the nonparametric accumulation of posterior samples.
For these methods, posterior distributions are not constrained to pre-specified paramet-
ric or semiparametric distribution families, but this posterior freedom can increase com-
putational expense.

Using a proof-of-concept approach, our aim was to establish a conceptual founda-
tion and initial implementation of VI for SBMs. Although we will ultimately need to val-
idate SBMs and the VI approach with empirical data, at this proof-of-concept stage, we
used synthetic data to avoid temporal gaps and unknown sources of error inherent in real-
world data. We conditioned our VI on these synthetic observations to estimate approx-
imate posterior densities ¢() that were compared to prior densities p(#). Using a set of
simulation experiments, we addressed the following questions: 1) How do results from
our normalizing flow VI approach compare to those from established inference approaches?
2) How does the availability of measurements affect posterior parameter identifiability
and distributions obtained from VI? 3) How does SSM-flow perform with a moderately
more complex model featuring a nonlinear noise structure that may be more represen-
tative of stochastic real-word processes?
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Figure 2: A workflow diagram summarizing the steps involved in our study’s stochastic
variational Bayesian framework. Our workflow conducts inference and data assimilation
on stochastic differential equation (SDE) soil biogeochemical models (SBMs) with their
approximation into state space models (SSMs). Our modular workflow is designed to
serve as a basis for building future soil biogeochemical model inferences, as the inference
method used can be modified or substituted. Our inference method of choice was stochas-
tic gradient descent mean-field variational inference. Within the nodes of the diagram,
blue lines and shading correspond to prior means and distributions, while orange lines and
shading correspond to posterior means and distributions. Orange dots represent observa-
tions upon which the inference is conditioned.
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2 Materials and Methods
2.1 Soil biogeochemical model formulation

We formulated an SDE version of the linear deterministic “conventional” (CON)
soil biogeochemical model (Allison et al., 2010; J. Li et al., 2014). CON is a simple, well-
studied SBM in which dead plant material enters SOC and DOC pools. Microbial biomass
takes up DOC and releases CO5. Transfer coefficients determine the movement of car-
bon between pools, all of which decay according to linear, first-order dynamics. As with
CON, our stochastic version of the model, SCON, has three state variables represent-
ing SOC, DOC, and MBC densities. We used decay parameters consistent with the rel-
atively fast dynamics of organic matter at the soil surface rather than the slower dynam-
ics typical of deep soil (J. Li et al., 2014; Xie et al., 2020). This parameterization reduces
computational intensity by permitting the use of shorter data sets y that still contain
the dynamical richness needed for robust posterior estimation by our inference algorithm.

We parameterized two SCON model variants, “constant diffusion” (SCON-C) and
“state-scaling diffusion” (SCON-SS). These models include diffusion coefficients that gov-
ern the magnitude of stochastic noise, or variance, in an SDE model (not to be confused
with the chemical definition of diffusion related to molecular movement). In SCON-C,
diffusion was set to be independent of time and states, while in SCON-SS, diffusion de-
pended on and scaled with state values. Details of these parameterizations are given in
section 5.1. In the real world, constant diffusion might correspond to a physical data-
generating process whose variance is not influenced by the magnitude of the process vari-
able. State-scaling diffusion would correspond to a data-generating process whose vari-
ance is related to its process variable magnitude.

2.2 Synthetic data generation

Synthetic data y were simulated from our data-generating SDE model, SCON, pa-
rameterized in time units of hours. Observations of soil state variables and COy were
collected every 5 hours by default for up to 5000 hours in total time 7. Our approach
to state space approximation of SDE output requires regular time series data (Kalman,
1960) such that all observations coincide with discrete time steps of the SSM. Different
SDE approximation methods would be needed for irregular time discretization in which
time steps between latent states are not equivalent. Our data generation, prior, and pos-
terior distributions were assumed to be logit normal with truncation between lower and
upper support bounds (section 5.2). To simulate fast decay at the soil surface, we used
relatively high decay coefficient k; f means compared to previous literature values (Allison
et al., 2010; J. Li et al., 2014; Xie et al., 2020). All 6 for data generation, including the
hyperparameters of the prior distribution p(#), are given in Table S1 together with their
biogeochemical interpretations.

2.3 Variational inference

The key steps our SBM data assimilation workflow are outlined in Figure 2 and
Algorithm 1. We selected mean-field stochastic VI as our inference method for its math-
ematical simplicity and flexibility. Mean-field inference assumes that model parameters
are independently distributed. VI frames Bayesian inference as an optimization goal of
finding an approximate posterior from a chosen posterior family that is the closest es-
timate to the true posterior. The optimization objective is a metric called the evidence
lower bound (ELBO). In the case of mean-field VI, the posterior family consists of in-
dependently distributed 8 densities. To simplify computation, we chose to use indepen-
dent Gaussians in our synthetic data-generating process and for our approximate mean-
field posterior family. After updating SBM 6 and hidden neural network parameters us-
ing gradient descent, Algorithm 1 samples 6 values at each training iteration and com-
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Algorithm 1: Synopsis of operations occurring in each iteration of our soil
biogeochemical SSM VI framework

Data: Time series matrix y of soil pool state and other observations, including
COs, respiration measurements
Result: Posterior approximation (6, z; ¢(s,4)) following stochastic gradient
optimization based on the evidence lower bound (ELBO) L[¢s,4)],
where 6 < model parameters; x < latent state variables; ¢ < posterior
parameters;

Define ¢(0; ¢o) and q(z|0; ¢z);
Initialize (¢, ¢.);
n < total desired training iterations;
for : + 1 ton do
for s+ 1to S do
s denotes an individual sample from a distribution;
Draw 6) ~ q(6; ¢p);
Draw element z(*) from a standard normal distribution and transform to
2 ~ q(20; ¢,);
end
Compute L[p(g,z)] (or —L[p(s,4)] for gradient descent) as per equation (A73);

——

Compute the gradient VL[¢ (g ;)] with automatic differentiation;
Reinitialize variational parameters ¢ ,) based on the gradient;
end

putes the likelihood of the resulting model output conditioned on y. This algorithm searches
for parameters that maximize model likelihood relative to the given y.

We used normalizing flows to approximate SCON-C and SCON-SS as SSMs with
discrete time steps (section 5.3) instead of sampling observations from forward-solved
SDE trajectories to formulate SSMs. Fundamentally, flows are probability distributions
created by deep neural network layers that transform probability densities from simple
to complex or vice versa. These invertible, reversible transformations are called bijec-
tions, and they “flow” from one layer to the next. In our case, the flow operates in a gen-
erative direction with simple inputs transformed into more complex distributional out-
puts. Invertible bijections mathematically allow for complex and expressive flow outputs
without sacrificing feasibility in computing likelihoods of flow samples conditioned on
observations (Ryder et al., 2018; Kingma et al., 2016; Papamakarios et al., 2017). A flow
learns to serve as an “adjoint” or “backwards-solved” proxy for the SDE without the need
for computationally expensive forward-solving. At each inference iteration, our SSM ap-
proximation simultaneously samples multiple x (also known as latent variables, states,
or paths in the machine learning literature) in one simultaneous draw from the state space
distribution learned by the flow up to that point of computation. Information from SCON
(equation A3) is incorporated into flow training and optimization through the determi-
nation of latent state adjoint transition likelihoods (the probability of jumps between sam-
pled latent states) based on current 6 (R. T. Q. Chen et al., 2018; Ryder et al., 2018).

These flow-drawn state space approximations served as our foundation for VI op-
timization (section 5.4). Based on the ELBO as shown in equation A31, VI minimizes
the discrepancy between an approximate parametric posterior and the true posterior dis-
tribution (Salimans et al., 2015) using gradient descent for optimization. Differences be-
tween the priors and posterior densities also provide information on how well the data
y identify and constrain posterior parameters. The constituent pieces of the machine learn-
ing architecture underlying our SSM-flow method are detailed in section 5.5. Masked 1-
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D convolutions constitute the core of the flow and the hyperparameters of those convo-
lution transformations are learned by the algorithm.

Under GPU VRAM memory resource limits, we settled on using 5 layer sets of per-
mutation, affine, and batch renormalization layers to comprise our neural moving aver-
age flow. This number offered qualitatively smoother and superior fits over flow archi-
tectures with lower layer set counts. For inferences conditioned on y of duration T' =
5000 with At = 1.0 with 5 layers, maximum training batch size S at 16 GB of VRAM
was 31, so we set S = 31. Less memory-limited inferences conditioned on y of lower T
afforded larger batch sizes.

We used AdaMax (Kingma & Ba, 2015) for gradient descent optimization. This
method requires initial specification of the learning rate, a hyperparameter that scales
the objective gradient and regulates the extent to which neural network weights can be
updated with each training iteration. We began optimization with a training warmup
phase that used a low learning rate of le-6. Consistent with previous studies (Goyal et
al., 2017), we found that starting with 5000 to 20,000 warmup iterations allowed us to
use higher overall learning rates, experience more stable ELBO trajectories, and converge
to lower average ELBO values during training (Figure S1). Following warmup, the learn-
ing rate is typically raised and then reduced to promote convergence of the objective func-
tion (You et al., 2019). For inference experiments with 7' = 5000, we used a maximum
ELBO learning rate of 5e-3 for joint optimization (optimizing both § and z) and 3.8e-
4 for fixed-0 optimization (only optimizing x with knowledge of true ), reducing the learn-
ing rate by a factor of 0.7 per 10,000 iterations. Joint optimization used 150,000 regu-
lar training iterations with 10,000 warmup iterations, whereas fixed-6 optimization used
240,000 regular training iterations with 20,000 warmup iterations. Joint and fixed-6 op-
timization required different iteration levels to maximize neural network stability.

2.4 Experimental design for variational inference testing

Experiment Description Figure(s)
SCON-C SSM-flow Constant diffusion, state-space model with normalizing 3,4

flow and 5000-hour duration
SCON-C Kalman Benchmark of the constant diffusion SDE model state 3,4
smoother resolved with Kalman smoother and 5000-hour duration

SCON-C SSM-NUTS Constant diffusion, state-space model with MCMC No-U- 3,4
Turn sampler and 5000-hour duration

SCON-C SSM-flow no  Constant diffusion, state-space model with normalizing S5

COq flow, 5000-hour duration, and no CO5 data assimilation

SCON-C SSM-flow Constant diffusion, state-space model with normalizing S6

short duration flow and 1000-hour duration

SCON-C SSM-flow Constant diffusion, state-space model with normalizing S6

high frequency flow and 1000-hourly time points

SCON-SS SSM-flow State-scaling diffusion, state-space model with normalizing S7, S8,
flow and 5000-hour duration S9

SCON-SS SSM-NUTS  State-scaling diffusion, state space model with MCMC S7, 59

No-U-Turn sampler and 5000-hour duration
SCON-SS SSM-flow State-scaling diffusion, state-space model with normalizing 5
reduced parameters flow, 5000-hour duration, and some parameters fixed

Table 1: Simulation experiments used in developing and testing flow-based variational
inference.



258 To benchmark our flow approximation method before applying it to more complex

250 models like SCON-SS, we visually compared SCON-C SSM-flow x to the true = solution
260 computed by the Kalman smoother algorithm (Table 1, section 5.6). We did not com-

261 pare the SCON-SS flow output to a Kalman smoother “ground truth” because the Kalman
262 algorithm cannot resolve models with nonlinear diffusion structures. Given a known data-
263 generating process and observation error, a Kalman smoother exactly solves the true mean
264 latent path x of the SDE data-generating process sourcing y (Sérkka, 2013). When an

265 SSM is linear in drift and its diffusion is stationary and additive, as is the SSM approx-

266 imation of SCON-C, the posterior density p(x|y) can be determined analytically and pre-
267 cisely in closed form with the Kalman smoother algorithm, provided the algorithm is fed
268 the true 0 and observation noise (Kalman, 1960; Rauch et al., 1965).

269 We also compared our SSM-flow performance to NUTS, an established MCMC method
270 (Hoffman & Gelman, 2014). NUTS is an extension of the original Hamiltonian Monte

21 Carlo sampler described in Duane et al. (1987) that places additional controls over the

212 proposal of MCMC transition steps (Hoffman & Gelman, 2014). A description of the in-

273 tuition motivating the NUTS and Hamiltonian Monte Carlo algorithms can be found in

274 Betancourt (2017).

215 To assess the impact of observation availability and frequency on flow-VI perfor-

276 mance with SCON-C, we varied the length and information content of y (Table 1). In

o77 one data scenario, we included only soil state variables and omitted the COs time se-

218 ries from y. Preliminary inference tests using only COs for data assimilation were un-

279 successful at constraining 6, so we included state observations in all subsequent analy-

280 ses. The second scenario reduced the duration of y from 5000 to 1000 hours. The third

281 scenario also reduced the duration to 1000 hours but increased the observation frequency
282 to hourly instead of 5-hour intervals. We evaluated the impact of these y scenarios on

283 SCON-C posterior parameter distributions and identifiability relative to the baseline SSM-
284 flow scenario with CO5 included and 5000 hours of observations at 5-hour intervals.

285 After testing flow-VI performance with SCON-C, we tested the method with SCON-
286 SS, a more complex model with nonlinear diffusion (Table 1). We attempted to compare
287 the flow method with NUTS, analogous to our benchmarking analysis of SCON-C. How-
288 ever, we experienced convergence issues and long computational times (over two weeks)

289 with the NUTS method, so the resulting posteriors may not be comparable to those from

200 the flow method for SCON-SS. In an effort to distinguish parameter identifiabilty issues
201 from problems with our flow-VI method, we established a reduced SCON-SS model with

200 all 6 fixed in value except for the k;c(s p a) linear decay and state-scaling (3 diffusion
203 parameters. Mirroring above procedures, a synthetic y with 7' = 5000 was produced by
204 a reduced SCON-SS data-generating process to condition an SSM-flow optimization. We
205 expected that if our inference algorithm was functioning properly, fixing some param-

206 eters would improve identifiability of the remaining free parameters.

207 2.5 Software and hardware

208 With respect to the computational software and hardware powering the inference
209 operations, our DGP and inference code was developed for a Python 3.9.7 environment

300 distributed by Anaconda (Anaconda Software Distribution, 2020) and used the Numpy
301 1.20.3 (Harris et al., 2020) and PyTorch 1.10.2 (Paszke et al., 2019) software libraries.

302 PyTorch 1.10.2 was compiled with the Nvidia CUDA 10.2 toolkit. The inferences were
303 run on one Nvidia Tesla V100 GPU at a time updated to CUDA version 11.4.0 with a

304 maximum of 16 GB of video random access memory (VRAM) and two Intel Xeon Gold
305 6148 CPU cores clocked at 2.40 GHz on the University of California, Irvine HPC3 clus-
306 ter. For our NUTS benchmark comparisons, we used the NUTS implementation from

307 the hamiltorch Python package (Cobb, 2023).
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3 Results
3.1 SCON-C SSM-flow performance and comparison to benchmarks

Our flow-based VI approach generated SCON-C state trajectories that matched
the temporal variation in sampled data, y. The flow VI algorithm converged to an ELBO
minimum based on stabilization of —L[¢g )] between —1600 and —1650 in the latter
half of variational training iterations (Figure S2). After ELBO training, the mean of the
marginal posterior density of latent states q(x|0; ¢,) was estimated from 250 x samples
drawn from the joint variational density. The mean latent SOC, DOC, and MBC paths
and state-derived CO9 measurements corresponding to the SCON-C flow fell within the
y observation noise throughout the time series (Figure 3a). The latent means matched
many of the sharp peaks and valleys in the dynamics of the data, and the flow COs mean
reproduced the rapid oscillatory behavior of the observed CO5 time series.

Compared to Kalman smoother and SSM-NUTS benchmarks, our SSM-flow method
showed satisfactory performance. The flow means for SOC, DOC, and MBC almost al-
ways remained within the the 95% Kalman posterior interval throughout the 5000-hour
time series (¢ = 0 to 500 shown in Figure 3b). Also, the CO3 mean and distribution closely
matched their Kalman counterparts. The extent of the SOC, DOC, and MBC posterior
uncertainties were underestimated by the flow (orange band) compared to SSM-NUTS
and the Kalman smoother (purple and green bands). This result is consistent with lit-
erature showing that the mean-field VI approach underestimates posterior uncertainty
due to the assumption of uncorrelated model parameters (Kucukelbir et al., 2017; Su-
jono et al., 2022; Lambert et al., 2023). Still, the overall alignment of latent state den-
sities with NUTS and the Kalman smoother lends confidence to the SSM-flow method.

The SSM-flow method also performed well based on quantitative comparisons of
mean log joint probability, logp(, z|y) (also known as the mean log joint posterior den-
sity). In both VI and NUTS, log joint probability is an equivalent, relative metric of model
optimization progress that describes the compatibility of models with prior knowledge
and observed data. Log joint probability can only be used for model comparison when
the observed data and priors are equivalent. Each method in SSM-flow and SSM-NUTS
converges toward higher joint probability as posteriors that better describe the obser-
vations are optimized or sampled. With 6 fixed to facilitate comparison with the Kalman
smoother as shown in Figure 3b, log joint probability (notated as log p(z,y;6)) was 25140
for the SSM-flow and 25380 for SSM-NUTS (Figure S3). We also obtained favorable re-
sults when 6 was not fixed, with the log joint probability stabilizing more quickly for SSM-
flow than for SSM-NUTS (Figure S4).

Consistent with the fit to synthetic data shown in Figure 3, almost all marginal pos-
terior densities narrowed compared to the SCON-C priors with the information learned
from y by the flow algorithm (Figure 4). Moreover, most of the marginal ¢(6; ¢y) means
moved closer to the true 6, including the means of uys, asp, and kg rer. The paramet-
ric posterior densities of the SSM flow ¢(6; ¢y) also aligned well with the nonparamet-
ric posterior densities p(6|y) estimated by the SSM-NUTS approach. The posterior den-
sity modes of ups and kp, rof were close to their true values in both the SSM-flow and
SSM-NUTS simulations. Posterior modes fell on either side of the truth in the case of
aps and ayr. For both approaches, the posterior modes narrowed and shifted in the same
direction for kps ref, Fag, Eap, and Eaps. For kg rcr, the SSM-flow posterior mode con-
solidated at the true value unlike the SSM-NUTS mode. For a;s¢, the SSM-flow pos-
terior mode changed little from the prior and remained poorly informed, while the SSM-
NUTS mode consolidated away from the true value.

Uncertainties in posterior parameter distributions were generally smaller with SSM-
flow compared to SSM-NUTS. This outcome is likely due to the tendency of mean-field
VI to underestimate parameter uncertainty, as it assumes parameters are uncorrelated
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Figure 3: SCON-C SSM state trajectories. The states are in units of mg C g~ ! soil. In
(a), we examine the fit of the means of SSM-flow-approximated state trajectory densities
(orange), where hidden neural network parameters and SCON-C 6 were jointly optimized,
to synthetic observations y from an SCON-C T = 5000 hour data-generating process. The
synthetic y is backgrounded by the 95% interval of the observation noise (blue). In (b),
we compare the SCON-C SSM-flow-approximated state means and 95% credible interval
(orange) against the state means and credible intervals of the SSM-NUTS approximation
and the “ground truth” computed by a Kalman smoother (green) with a zoomed-in plot
from ¢t = 0 to 500. As the smoother was given knowledge of the true SSM 8 for its op-
eration, the SSM-flow and SSM-NUTS 6 were also fixed for the flow such that only the
flow’s hidden neural network parameters were optimized. This fixing of 6 is notated in the
legend with the use of “;0” indexing. SSM-flow state densities were estimated from 250 x
samples drawn at a time from the final optimized joint densities.
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Figure 4: SSM-flow ¢(0; ¢9) marginal posterior densities (orange) compared to the mean-
field prior p(f) (blue), non-parametric SSM-NUTS densities (purple), and sampled true

6 values used for synthetic data generation (gray). SSM-flow and SSM-NUTS were con-
ditioned on the same T" = 5000 hour y generated by an SCON-C SDE. The g diffusion
parameters cg, c¢p, and cp; were left off this figure to maximize readability and focus on

the drift # governing the biogeochemical dynamics.
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(Sujono et al., 2022). While preliminary analysis of SCON-C NUTS posterior samples
demonstrated some posterior correlations, all correlations were below 0.5 in magnitude

with most under 0.25, suggesting the approximating assumption of parameter non-correlation
was reasonable and plausible a posteriori.

3.2 Impact of changing information in y on SCON posteriors

We tested how SCON-C posteriors were affected by changes in the information con-
tent of y. Without COs information, marginal q(6; ¢g) posterior densities tended to be
wider and less informed, and posterior modes were frequently farther away from the true
0, as illustrated by agp and Fag (Figure S5).

Reducing the amount of information in y by shortening the duration of the time
series from 5000 to 1000 hours reduced posterior identifiability (Figure S6). With the
shorter time series, ¢(0; ¢g) posteriors became more uncertain for all . The modes of
some posterior parameters including asp, ks, ret; kD, ref; Fas, and Eaps deviated further
from their true values. However, the modes of £ diffusion coefficients cg, cp and cp; were
smaller and closer to their true values when inferred from the shorter 7' = 1000. With
a shorter time series, there is less growth in cumulative approximation error of state space
x trajectories, leading to lower diffusion 6 estimates during inference.

If we set T = 1000 while increasing observation frequency to hourly (instead of once
every 5 hours), parameter identifiability improved overall (Figure S6). With the excep-
tion of kg rcr, parameter means remained similar or moved closer to their true values rel-
ative to the 7" = 1000 case with observations every 5 hours. Some parameter modes, in-
cluding the diffusion coefficients, were closer to their true values compared to the T' =
5000 case. This result suggests that more frequent observations can at least partly com-
pensate for shorter time series duration when estimating 6.

3.3 SSM-flow application to SCON with state scaling diffusion

Our SSM-flow method also performed well when applied to SCON-SS, a more com-
plex SDE model with state-scaling diffusion (Figure S7). As with the SCON-C SSM-flow,
the mean latent state trajectories of the trained SCON-SS SSM-flow followed the state
observations (Figure S8). The trajectories matched the peaks and valleys of the state
dynamics in y, and the flow CO2 mean derived from the sampled states replicated the
magnitude of the COx oscillations. Compared to the priors p(6), the marginal ¢(6; ¢g)
densities narrowed with most posteriors moving toward their true values (Figure S9). Al-
though we attempted to compare SSM-flow and SSM-NUTS methods applied to SCON-
SS, we experienced issues with NUTS convergence (Figure S7), which reduced our con-
fidence in the NUTS posterior estimates (Figure S9).

Some posterior modes obtained from SCON-SS SSM-flow remained distant from
their true values (Figure S9). To rule out issues with the flow algorithm, we fixed a sub-
set of 6 and tested whether identifiability of the remaining § improved (Figure 5). As
expected, the marginal kg rer ¢(6; ¢9) posterior density was tightly constrained near the
true kg, ror value. The kp, rof and ks, rof posterior densities narrowed substantially, al-
though the means did not align exactly with their true 6, suggesting that there were still
some limitations on parameter identifiability.

We found that the s;c(s p ) diffusion 6 posteriors consolidated at higher values
than the priors (Figure 5). Elevated diffusion 6 posteriors were also observed for the SCON-
C approximation (Figure S5). This result does not necessarily indicate a problem with
the flow VI method. Rather, the flow neural network approximation algorithm is designed
to introduce approximation error that accumulates and affects the diffusion 8 estimates.
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Figure 5: Optimized marginal posterior ¢(6; ¢y) densities (orange) of a reduced SCON-
SS model with all but the k;c(s p ay decay and state-scaling diffusion 6 fixed compared
to mean-field priors p(6) (blue). Gray dashed lines show sampled true ¢ values used for
synthetic data generation.

4 Discussion

We developed a stochastic SBM data assimilation and inference framework that
is versatile, stable, and computationally tractable, especially when GPU hardware is avail-
able. Our approach approximates SBMs as SSMs with state trajectory sampling at re-
duced computational and temporal cost in comparison to SDEs. Our results suggest that
the neural moving average flow could approximate the SCON family of SDE systems as
SSMs, fit y, constrain posteriors, and recover some true 6 values. We demonstrate that
flow approximation and optimization performance compares favorably to a benchmark
MCMC procedure in SSM-NUTS conditioned on the same y.

We carried out SSM approximation with a class of normalizing flows called neu-
ral moving average flows that successively transition random variables from simpler to
more complex distributions through invertible transformations. Importantly, normaliz-
ing flows preserve likelihood computations conditioned on observed data, which is crit-
ical for probabilistic inference. We applied this SSM-flow approach to fit approximated
representatives of the SCON family of SBMs to synthetic data. Conditioning with syn-
thetic data allowed us to visualize discrepancies between estimated posterior densities,
data-generating densities, and true 6 values used by the data-generating process.

SCON-C state trajectories approximated by SSM-flow tracked state and COg ob-

servations, aligned with the true latent state distributions determined by a Kalman smoother,

and compared favorably against SSM-NUTS-approximated states and 6 posteriors (Fig-
ures 4, 5). Following validation of our SCON-C inference against Kalman and SSM-NUTS
benchmarks, we extended our approach to SCON-SS (Figures S7, S8, S9), which is more
complex than SCON-C due to its nonlinear diffusion terms. A direct comparison between
SSM-flow and the NUTS method was not possible due to poor NUTS convergence with
SCON-SS, suggesting that the SSM-flow method may be computationally preferable for
use with more complex state scaling models.
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4.1 Constraining 0 posteriors recovered by SSM-flow

Our analysis revealed challenges with SSM parameter identifiability, a common is-
sue for complex biogeochemical models. Nonetheless, we chose to analyze SCON to fa-
cilitate comparison to prior work (Allison et al., 2010). Our results suggest that the is-
sues with parameter identifiabilty stem from the SCON model parameterization rather
than problems with our VI algorithm. For example, when we simplified the SCON-SS
model by fixing a subset of 8, parameter identifiability of decay rates improved, although
there were still minor deviations from the true parameter values (Figure 5).

For more complex models, additional measurements, such as radiolabeled C den-
sities, could further constrain and identify 6 posteriors, especially SBM pool transfer co-
efficients. In our analysis, assimilating COy data somewhat improved parameter iden-
tifiability (Figure S5), although not enough to identify the marginal posterior of the SCON
MBC-to-SOC transtfer 6, aprsc (Figures 4, S9). The aprsc parameter appears in two
terms of equation (A3) that are each the product of four elements, the ay-aprsc-kas
M term in the dS equation denoting C mass transfer from the MBC to SOC soil pool
and the apr-(1—aprrsc)-kar-M term in the dD equation denoting C transfer from the
MBC to DOC soil pool. The posterior densities of the ay; and kps 0 in those terms ap-
pear in equation (A10) and are accordingly better constrained and identified with COq
measurements in y. This is not the case for aprgc, which is not present in equation (A10).
Constraining aj;sc therefore depends on state measurements in y, and as only one el-
ement in the drift product terms, aprsc can take different values within its [0, 1] sup-
port bounds without greatly affecting the results.

4.2 Limitations and future directions

Although we demonstrated functional flow VI with synthetic data, a key next step
is to modify our approach to accommodate real data, such as multivariate observations
from long-term ecological research (LTER) experiments (Melillo et al., 2017; Wood et
al., 2019). Assimilating these data sets remains a challenge because of their long dura-
tion and irregular measurement intervals. LTER experiments can run 100,000 to 200,000
hours, much larger than the 7" = 5000 hours we tested in our study. Even with GPU hard-
ware, our 7" = 5000 inferences typically required one or two days to converge, but even
more limiting than time were GPU memory thresholds preventing adequate variational
sample sizes with T" much longer than 5000 hours at x simulation discretizations suffi-
ciently fine to mitigate numerical error propagation and loss of of dynamical fidelity. Our
experience was that = simulation time span was more important for inference runtime
than observation frequency.

One option for conditioning inferences on y corresponding to longer time spans to
minimize inference runtime and VRAM consumption is to avoid simulating SSM z for
the entire observation time span at each training iteration by applying the mini-batching
technique. With mini-batching, y and = are partitioned into smaller subsets y,; and z,;
during training, where 7 distinguishes a subset from the entire sequence and i € B where
B € N is the set of integers counting total subsets in natural order. In each training
iteration, a y,; is randomly selected for likelihood evaluation such that the SBM only
needs to simulate x,; sub-samples to calculate the optimization objective. Mini-batching
could be integrated into our framework, having been applied in recent flow-related ma-
chine learning literature (Papamakarios et al., 2021; Ryder et al., 2021).

Data sets from most biogeochemical studies vary in measurement intervals due in
part to constraints on data collection procedures. Whereas soil respiration may be mea-
sured hourly, soil carbon pools tend to be observed on monthly to decadal timescales con-
sistent with their slower dynamics (Melillo et al., 2017). Some existing data assimilation
tools, such as ensemble Kalman filters and 4D-Var, can handle irregular measurement
intervals, but current flow VI and state space models assume regular observations. Fur-
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ther development of these algorithms will be needed to accommodate irregularly spaced
data. For example, the flow architecture could be modified to accommodate dynamic time
steps that effectively skip over periods lacking observations, during which adjoint tran-
sition likelihood information is not needed for flow optimization.

Because our approach has a modular design, other data assimilation techniques could
be swapped in for SBM approximation and inference depending on computational re-
sources and desired posterior estimation accuracy. Other non-variational inference meth-
ods are compatible with state space approximation of SDEs, including particle filter (also
known as sequential Monte Carlo) algorithms (Golightly & Kypraios, 2018), stochastic
gradient Hamiltonian Monte Carlo (T. Chen et al., 2014), stochastic gradient Langevin
dynamics (Brosse et al., 2018), and stochastic gradient Markov chain Monte Carlo (Aicher
et al., 2019; Nemeth & Fearnhead, 2021). Emerging multi-model ensemble approaches
to data assimilation could include SSM-flow models with explicit representation of non-
linear, multiplicative diffusion structures as a complement to EnKF (Bach & Ghil, 2023).
A refined SSM-flow model formulated with nonlinear dynamics and noise could poten-
tially replace multiple models used to implicitly represent nonlinear diffusion, thereby
making the ensemble computations more efficient.

Although we opted for mean-field inference with the goal of simplifying interpre-
tation of our results, posterior parameter distributions are often correlated in biogeochem-
ical model outputs (Lu et al., 2017). Future work should therefore focus on more com-
plex ¢(f) variational approximations, including full-rank multivariate logit-normal fam-
ilies that allow for covariance in #. Such an approach could also mitigate the overcon-
fidence in posterior parameter certainty that resulted from our mean-field approach to
variational inference (Kucukelbir et al., 2017; Sujono et al., 2022).

Furthermore, when memory availability inhibits the training of larger neural net-
works for long T" or when another method is faster and more convenient to approximate
a particular SBM class, different variational families can be used in place of neural mov-
ing average flows for representation and optimization of g(x|f). These include multivari-
ate normal distributions with specialized covariance structures (Archer et al., 2015), au-
tomatic differentiation VI (Kucukelbir et al., 2017) with Gauss-Markov distributions (Sujono
et al., 2022), neural stochastic differential equations (Tzen & Raginsky, 2019; Jia & Ben-
son, 2019; X. Li et al., 2020), and recurrent neural networks (Krishnan et al., 2017; Ry-
der et al., 2018; Ghosh et al., 2023), among others. Thus, our framework is flexible and
can be repurposed as needed for assimilation of different SBMs or Earth system mod-
els that vary in complexity and simulation requirements.

Application of our VI approach to model comparison and selection emphasizes the
need to further develop goodness-of-fit metrics. Although our SSM-flow results compared
favorably with those from SSM-NUTS (Figures 3b, 4), direct quantitative comparison
of VI versus MCMC goodness-of-fit is unresolved due to differences in the underlying goals
and assumptions of these techniques. Ideally, VI approaches could be quantitatively com-
pared with NUTS, approximate Bayesian computation, integrated nested Laplace ap-
proximation, or other Bayesian methods using established metrics such as leave-one-out
cross-validation or widely applicable information criterion. Making these comparisons
will require new conceptual advances and more analysis of the trade-offs and assump-
tions underlying different metrics. In the meantime, we used log joint probability as a
quantitative comparison metric for different models with the same priors and conditioned
on the same data. Looking ahead, Bayesian goodness-of-fit metrics that allow compar-
isons between VI and other methods are actively being developed (Yao et al., 2018; Gior-
dano et al., 2018), and cross-validation approaches could be potentially integrated with
an SSM inference pipeline (Dhaka et al., 2020; Dao et al., 2022), although there may still
be limitations due to fundamental differences between Bayesian inference approaches.
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Beyond flow architecture design and implementation, another research priority is
the further mechanistic refinement, expansion, and development of stochastic SBMs. For
example, there is a need for stochastic parameterizations of more complex SBMs with
nonlinear drift processes. These models could represent enzyme state variables with drift
equations that explicitly simulate nonlinear Michaelis-Menten dynamics. Other model
development might include stochastic partial differential equations to represent spatially
explicit drift processes. Nonlinear diffusion structures for SBMs could also more real-
istically reflect the reaction stoichiometry underlying real-world soil processes (Golightly
& Wilkinson, 2005, 2011; Fuchs, 2013).

As SBMs with nonlinear drift and diffusion develop further (J. Li et al., 2014; Sul-
man et al., 2014; Wieder et al., 2015; J. Li et al., 2019; Xie et al., 2020), our flow-based
VI framework could be extended to facilitate inference on these models. Because they
cannot exactly admit multiplicative diffusion structures, standard implementations of
Kalman filters, smoothers, and ensemble derivatives such as EnKF cannot easily accom-
modate explicit analyses of dynamical systems and specific model parameters associated
with non-Gaussian noise (Shen & Tang, 2015; Katzfuss et al., 2016; de Bézenac et al.,
2020; X. Wang et al., 2025). Indeed, flow-based methods can outperform Extended and
Unscented Kalman filter methods (EKF and UKF) and related particle filter methods
in some cases (de Bézenac et al., 2020; X. Chen et al., 2021; Delecki et al., 2023; X. Chen
& Li, 2025). Because flows source their model expressivity from invertible bijections (Kong
& Chaudhuri, 2020; Kohler et al., 2021; Papamakarios et al., 2021; Zhai et al., 2025), they
are not prone to the issue of particle degeneracy, or sample impoverishment, that lim-
its particle filters (T. Li et al., 2014; de Bézenac et al., 2020; X. Chen et al., 2021; X. Wang
et al., 2025; X. Chen & Li, 2025). Likewise, flows avoid the linearization inaccuracy that
affects EKF and escalating compute costs that scale cubically with state dimensions in
UKEF.

4.3 Conclusion

Our variational inference approach, based on SSM approximation of stochastic SBMs,
represents a viable alternative for biogeochemical data assimilation, fitting, and model
comparison research. Although additional work is needed to apply this approach with
real-world data and complex models, our development of SDE models and deep learn-
ing methods for SSM approximation provides a useful foundation for future work. Com-
pared to ODE models, SDE systems provide a more robust framework to accommodate
prior densities, initial conditions, and model structures that may be inconsistent with
true underlying data-generating processes (Whitaker, 2016; Wiqvist et al., 2021). More-
over, state-space approximation reduces the computational burden of sampling SDE state
trajectories for likelihood evaluation. Additionally, the discrete nature of SSMs could fa-
cilitate likelihood estimation conditioned on sparsely observed datasets from long-term
ecological research, allowing more efficient scaling to larger observation time spans. With
a concerted effort to develop more general model comparison metrics and techniques to
accommodate sparse and uneven observations, flow-based VI on SSMs could become a
valuable tool in the array of data assimilation methods available for inference on biogeo-
chemical models.

5 Appendix A
5.1 SCON stochastic differential equation model

SDE system equations are frequently written with the state value derivatives dz
on the left-hand side, and consist of a drift coefficient vector, frequently notated as «,
and a diffusion coefficient matrix, notated as 3, on the right-hand side. For biological
SDE models, a square-root diffusion structure is frequently used such that these systems
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follow the form

dxt = Oé(It, t? e)dt + V ﬂ(‘rta t? e)de (Al)

where dW; denotes a continuous stochastic Wiener process, or incremental movement
along a random walk (Ditlevsen & Samson, 2013). Evolution of SDE trajectories x across
a simulation duration T in time increments d¢ can be interpreted as a series of small steps
whose values are independently drawn from a normal distribution with mean a(xy,0,t)dt
and variance 3(x¢,0,t)dt (Sarkka & Solin, 2019).

Like the CON model introduced in Allison et al. (2010), SCON has three state di-
mensions made up of soil organic C (SOC), dissolved organic C (DOC), and microbial
biomass C (MBC) densities. We notate total state dimensions with D, so D = 3 for all
systems in the SCON family. SOC, DOC, and MBC are respectively notated in the sys-
tem equations as S, D, and M. Thus, z;, the solutions of the continuous SCON system
at time ¢, expand to the vector,

St
Tt = Dt (AQ)
M;

and observations of the system y; are similarly three-dimensional.

We established two SCON versions for inference and data generation use, SCON-
C and SCON-SS. SCON-C and SCON-SS share the same underlying « drift vector, equiv-
alent to the deterministic CON dynamics and following the form:

ds Is+aps-kp -D+apy-apysc k- M—kg-S dWg
dD | = ID+CLSD']€S'S+(ZM'(1*aMSC)~k'M~M7(uM+kD)'D dt—l—ﬂo'5 dWp
dM uM~D—]€1\/['M dW]V[

(A3)

Is and Zp respectively represent exogenous plant inputs into the soil states of SOC and
DOC in units of mg Cg~'soilh~!. kic(s,p,ny are linear first-order decay coefficients in
units of inverse time (e.g. h™1). aic{ps,sp,m,Mmsc) are unitless transfer coefficients that
determine the fraction of mass transferred from one state to another (e.g. aps denotes

the fractional transfer from DOC to SOC). uys is a unitless efficiency coefficient deter-
mining the fraction of carbon retained in MBC following DOC uptake. [ refers to the
diffusion matrix component of the SDE and the Wg, Wp, and W), elements of the Wiener
process vector represent random draws from the distribution .4(0, \/(E)

For simplification purposes, the 8 diffusion matrices of both systems were made
to be diagonal only and free of covariance diffusion terms. SCON-C diffusion dynam-
ics are given by

Ccs 0 0
=10 ¢p O (A4)
0 0 CM
while SCON-SS diffusion dynamics are
S§ - S 0 0
8= 0 sp-D 0 (A5)
0 0 SM - M

Thus, SCON-C diffusion is additive, meaning it is independent of the values of states S,
D, and M, and also stationary, meaning that is not a function of ¢. Meanwhile, SCON-
SS noise is multiplicative, meaning it is dependent on the states. As such, SCON-C is

linear in drift and diffusion, while SCON-SS is linear in drift but nonlinear in diffusion.
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We used sinusoidal litter input functions with annual periods that assumed litter-
fall peaking through late summer and early fall in a pattern resembling those observed
in tropical forest ecosystems (Giweta, 2020). The functions are given by

2m
Zs+ = 0.001 . - si A
5.+ =0.001 + 0.0005 - sin (365 : 24t> (A6)

2m
p,: = 0.0001 + 0. -sin [ ——— A
Ip, = 0.000 0.00005 - si (365 Y t) (AT)

As was previously instituted for CON (Allison et al., 2010; J. Li et al., 2014), the
SCON kjcqs,p,my decay parameters are temperature sensitive, following the Arrhenius
equation (Arrhenius, 1889),

Eak. 1 1
ki = kz re - - - A8
! et P |: R (tempt teInprcf ) :| ( )

where R is the ideal gas constant 8.314 JK~'mol™ " and temp, specifies a “reference”
equilibrium temperature which we set at 283 K.

Through changing values of kic(s p ary, SCON systems respond to day-night and
seasonal temperature cycles through the composite sinusoid forcing function,

5t 2w 2w
temp, = t 1 10-sin( ~t) +10-si t A9
OmPy = eMPrer ¥ 5365 04 O (24 ) 0 sm (365 24 ) (A9)

The function assumes a gradual linear increase in mean soil surface temperature of 0.0625
°C yr~! from the start of the simulation, in line with the upper bound of mean surface
temperature increases predicted in emissions scenarios (O’Neill et al., 2017).

SDE systems rarely admit tractable analytic solutions. To sample state trajecto-
ries accurately approximating SCON-C and SCON-SS dynamics and construct our syn-
thetic time series data y, we used the long-established and reliable Euler-Maruyama SDE
solver (Maruyama, 1955) to numerically integrate solution paths x corresponding to 6
randomly sampled from logit-normal distributions. Our solver step size was set to dt =
0.1 hour. We note that we recover the exact SCON-C and SCON-SS processes in con-
tinuous time as dt is decreased to O.

If inference involved conditioning with CO5 observations in y in addition to state
measurements, model CO4 respiration rate would be computed from the time-corresponding
x state values with the equation

COg,t =1 —asp) kst St + (1 —aps) -kp,t- D+ (1 —anm) - knr, - My (A10)

where COg_; is in units of ngg~!soilh~1. We then sliced x and CO5 time series at some

regular interval, i.e. every 1 hour or 5 hours, and normally sampled about the sliced val-
ues with an observation error vector oo in the manner of

Yt ~ </V(xt7770bs) (A]-l)

to arrive at y. We lower bounded y such that y € R>( to preclude nonsense negative
state measurements. We used constant n.ps that was 10% of the overall state mean such
that

Nobs = 0.1 ® (A12)

i\ (R
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where © indicates elementwise multiplication. This corresponds to an empirical scenario
where measurement instruments and processes introduce a stable level of observation noise.
CO, was similarly observed with noise standard deviation that was 10% of the overall

CO4 mean across the total time span in the sampling of y including COs.

5.2 The generalized univariate logit-normal distribution

We used a univariate logit-normal distribution family for our data-generating, in-
formed prior p(f), and mean-field variational posterior ¢(f]y) probability density func-
tions. To avoid being restricted to the standard [0, 1] distribution support that the logit-
normal density is typically associated with in statistics, we defined a generalized form
of the family whose supports could be enclosed between an arbitrary positive [a, b], where
a,b € R>p and b > a. Generalized logit-normal distributions provide similar utility
to truncated normal distributions used previously in SBM inference projects for constrain-
ing 0 values to finite supports (Xie et al., 2020), but are more stable for backpropaga-
tion, as the inverse cumulative distribution function of the truncated normal distribu-
tion has inherent stability issues close to support boundaries.

We notate logit-normal distribution parameters in order of desired “target” mean
1, standard deviation o, support lower bound a, and upper bound b akin to

0~ LN (u,0,a,b) (A13)

Via passage through a sigmoid function, logit-normal distributions are transformed from
normal distributions A4(f, ), where i and & are respectively the “parent” mean and
standard deviation distribution parameters:

0~ N (j1,5) (A14)

ma 1 (A15)
1+ exp(—0)

0=0b—a) 0™ +a (A16)

The logit-normal distribution has no closed form probability density function and
its probability moments are not analytically resolvable, so no formula can be deduced
that allows us to make random variable transformations between logit-normal and nor-
mal distributions. Hence, to arrive at a particular logit-normal density with target u and
o in each VI optimization iteration to sample from, we must first numerically solve for
the parent i and & of a normal distribution that corresponds to the desired logit-normal
properties following the transformations from equations (A14) to (A16). We can do this
with root-finding algorithms like the bisection method that search for an appropriate fi
in the truncated support interval between a and b and ¢ within a provided range of tol-
erated standard deviation values (Daunizeau, 2017).

5.3 State space model observation of the SDE

Instead of optimizing SCON @ via an iterative SDE solver, we optimized time-discretized
SSMs approximating the SCON-C and SCON-SS SDEs. SSMs describe the distribution
of vectors of discrete observations y conditioned on the distribution of latent states x.
An observation y; sampled at time ¢ is

Ye ~ p(ye|7e) (A17)

where x; is the realization of the latent state at time ¢ constituent to the larger = that
depends on the state at the previous time step x;_1 and model parameters 6 such that

xt ~ p(Te|Ti-1,0) (A18)
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In other words, x is a Markov chain where transition to subsequent states x; is condi-
tioned on previous states x;_1 and p(z¢|z¢—1,0) is the transition density. To compute
and approximate an entire x, an initial state xyg must be nominated. xy can be realized
from a probability distribution or fixed. For added randomness and realism, we chose
to sample z( from an established density, p(z¢), which is later accounted for in equation
(A25).

The SSM 6 are the same model parameters as in the SDE counterpart. When ac-
counting for the SDE « drift and 8 diffusion dynamics, x;, the latent states of the SSM
at time ¢ can be written as

Ty =41+ a(xt,l, Q)At + € 5(1’,5,1, Q)At (A].g)

with the same a and § as in (Al). ¢ is a random noise vector of length D independently
sampled via ¢, ~ A7(0,Ip). Ip is an identity matrix with number of diagonal elements
equal to D. At is the SSM time step, not to be confused with SDE solver time step dt.
We used At = 1.0 hour for our SSM approximations in contrast to the aforementioned
dt = 0.1 for Euler-Maruyama solving of our data generating processes.

There is overlap between SDEs and SSMs. Both depict the evolution of state val-
ues in a series of steps where future values depend on past ones. Both require the spec-
ification of initial conditions zg to compute state trajectories.

However, SDEs and SSMs treat time differently. A key distinction that makes SSM
approximation helpful for inference flexibility is that At can be made relatively large ver-
sus SDE solver dt. This is helpful for common biological inference and data assimilation
situations where y is sparsely observed due to the expense and difficulty of collecting mea-
surements.

Differential equation systems are instead typically numerically integrated and like
SSMs, are solved in discrete steps, as smooth analytic solutions can only be obtained from
the simplest systems. But, the differential equation integration procedures still assume
that states are evolving in continuous time. The integrating solvers almost always re-
quire relatively small integration time steps d¢ that are as close to 0 as possible; the solvers
tend to fail at higher dt.

The divergent handling of time in SSMs and SDEs renders them more apt for dif-
ferent objectives. SSMs are better suited for estimating observations over long T', whereas
SDEs are required for precise analyses of accurately simulated system dynamics. With
their differing but related purposes, we can ultimately use SSMs to represent discrete
observations from continuous SDEs.

5.4 VI optimization

Under a Bayesian statistics framework, the goal of statistical inference broadly con-
sists of estimation of the 6 posterior density function for some model, p(f]y), conditioned
on some data set y via Bayes’ rule,

_ p(yl0)p(6)

p(Oly) o)

(A20)

p(y|0) is the likelihood function, which indicates model goodness-of-fit across various val-
ues of individual parameters comprising 0. p(6) is the prior probability representing be-
liefs about § uncertainty. p(y) is the probability density of the observed data, sometimes
known as the marginal evidence.

The prior density p(#) can be specified in an informed fashion, as we did in our work-
flow with distributions that matched our known data-generating distributions (Table S1),
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or with less certainty in the absence of empirical information or domain experience. In
most cases, p(y|#) is not obtainable in closed analytic form and has to be numerically
estimated with methods including Monte Carlo sampling and Laplace approximation (Reid,
2015). Assuming proportionality based on (A20), we use

p(0ly) o< p(yl0)p(0) = p(y,0) (A21)
to estimate p(f|y) and practically conduct inference.

For Bayesian inference on SSMs, we account for the transition and observation den-
sities generalized in equations (A18) and (A17), which influence the 6 posterior. Esti-
mation of the posterior of # in SSM inference must occur along with estimation of the
posterior of x, whether in a joint or marginal fashion, in a case such as ours where the
transition and observation distributions are not known. We opted for joint estimation.
The joint posterior density of  and z is notated as p(6, z|y). We arrive at an expression
for p(0, z|y) by substituting (A18) and (A17) into (A21):

p(0,z|y) o< p(y,,0) (A22)
= p(ylz, 0)p(z,0) (A23)
= p(ylz, 0)p(x|0)p(0) (A24)
T
= p(z0)p(0) [ [ p(wilas, ) [ [ p(wilzi1,6) (A25)
€N t=1

T denotes the final discretized integer time index of x. Since we set SSM At = 1.0 hour,
our final time index matches total synthetic experiment hours and 7' can signify both.
We also use T to represent the set of # SSM discretization indices not including the ini-
tial state at ¢ = 0. We can then adopt a € C T to indicate the set of y observation
time indices not including an initial observation at ¢ = 0, which is required in our VI
procedure. The total number of x discretizations is N = T+1 when including the ¢ =

0 index. M = {0} U T notates the full set of y indices.

We note that the p(y, 0, z) quantity above is referred to as the joint probability. In
section 3.1, we will describe the use of log p(y, 0, x), the log joint probability, as an in-
dicator of inference fit quality.

In stochastic VI on SSMs, we optimize a parametric density ¢(6, x) to match the
true joint posterior p(, z|y) as closely as possible. Per the probability chain rule, ¢(6, x)
expands to,

q(0,z) = q(x[0)q(0) (A26)

The density functions we select for our marginalized ¢(0) and ¢(x|6) are known as our
variational families. As mentioned in section 5.2, we chose a mean-field logit-normal vari-
ational family for ¢(#) that assumed independent univariate distributions per 6 such that

q(0) = q(01,02,...,0p) = [ 4;(0)) (A27)

where P is the total number of individual SBM # and P = 14 for SCON-C and SCON-
SS (Table S1). We chose a class of normalizing flow called a neural moving average flow
in Ryder et al. (2021) for our g(z|f) variational family, which we will describe in section
5.5.

We can index individual representatives of our joint variational family by the prop-
erties and hyperparameters of the distribution symbolized in aggregate by ¢ ) such
that an instance of ¢(6,x) is notated as q(0, z; ¢(9.2)). q(0,2;(9.)) can be decomposed
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into q(0; ¢9)q(x|0; ¢s) since g 2) = (do, dz). ¢ are termed wariational parameters, as
they represent the distribution settings that can be varied and tuned to adjust the ap-
proximation. For neural network models like flows, variational parameters would include
the hidden neural network parameters and weights. A particular distribution can be re-
ferred to by its variational parameter index in shorthand.

Our VI framework seeks a set of variational parameters ¢ that minimizes discrep-
ancies between q(0,; ¢(g,5)) and p(6, z|y), the approximate and true posteriors. One mea-
sure of distance between distributions commonly used in statistics and machine learn-
ing literature is the Kullback-Leibler (KL) divergence (Kullback & Leibler, 1951; Perez-
Cruz, 2008; Joyce, 2011). Targeting the KL divergence Dkr[q(0,7; ¢(9,2))|[p(6, z|y)] for
minimization, our optimization objective can then be mathematically stated as,

q(0, ; $,2y) = argming g .4, ) (Drr[q(0, 75 06.2))[[P(0, 2[y)]) (A28)

where (b?‘e 2) indexes the set of variational parameters that corresponds to the idealized
global KL divergence minimum. After several omitted steps available in Blei et al. (2017),
we proceed from (A28) to

Dxw[g(0, 5 90,2)|[P(0, 2[y)] = Eq6.2:65..,) 108 4(0, 21 (6.2))] — Eq(0,2:65...,) [l0g P(y]0, )]
(A29)

= Eq(97w;¢(gyz)) [IOg q(ev €T ¢(9,I))] - Eq(97w;¢(gyz)) [10gp(y, 07 JL')} + logp(y) (ASO)

where the expectations E subscripted with ¢(, z; ¢(9’I)) are taken with respect to the
density q(0, z; ¢0,2))-

Reviewing the notion that p(y) and in turn, the log marginal evidence, are typi-
cally unavailable (Christensen et al., 2010), we then rely on a reduced and rearranged
expression that constitutes the ELBO function, notated as L,

L[D0.2)) = Eq0,2:600.0) 108 P(Y, 0, 2)] — Eq(0,2:6..,) 108 9(0, 75 96 ) )] (A31)
= Eq(0,2:60..) 108 P(Y, 0, 2) —log (6, z; $(9,2) )] (A32)
= Eq(0,2:60.0)) {108 D(Y, 0, ¥) — loglq(x|0; ¢)q(0; ¢e)]) (A33)
= Ey(0,2:65..y) (108 (Y, 0, x) — log q(2]0; ¢,.) — log q(0; dy)) (A34)

Substituting in (A25) for p(y, 6, x) results in

T
‘C[¢(9,I)} = Eq(a,r;(f)(g,m))aog H p yllxla Hp .'L'tlwt 17
ieN t=1

—logq(]0; ¢) —log q(6; ¢e)) (A35)

which, recalling that the set of total y indices 91 = {0} U T, expands into

L[)@0.2)) = Eq(0,2:6(9..)) {log P(0) + log p() + log p(yolzo, 0) + Z log p(yilwi, 0)
€T
T
+ > logp(wi|zi-1,0) — log q(x]0; ¢2) — log q(6; )  (A36)
t=1

We will decompose the marginal variational log-density of x, log ¢(x|0; ¢.), in more gran-
ular detail when we describe the architecture of the neural moving average flow in sec-
tion 5.5.
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783 Following from equation (A30), the ELBO function is called as such because it is

784 the “evidence lower bound” of the log marginal evidence:

logp(y) = L[¢6,0)] + Dxrla(0, 75 ¢ 0.2))l|p(0, z]y)] (A37)

> L[¢o,0)] (A38)

785 Maximizing L[¢(g,z)], or minimizing the negative ELBO —L, as we need to do in ma-
786 chine learning libraries like PyTorch that implement gradient descent rather than ascent,
787 is commensurate to minimizing Dk [q(0, 7; ¢(9,2))||p(0, z|y)]. Hence, L]¢ 4 4] is our op-
788 timization objective function.
789 For pithier description of the ELBO gradient, V£, used to update ¢ ;) via au-

790 tomatic differentiation, we set log p(y, 0, z)—log q(0, z; ¢(,2)) in (A32) equal to Z(0,x,y, ¢),
701 where & is a log-density ratio function. This reduces the ELBO equation to

L[D0.0)) = Bq(o,2:006.0)) [ 20,79, d(6.2))] (A39)

9 and the ELBO gradient is

VL[] =V <Eq(0,x;¢(eﬁz)) (%20, z,y, ¢(9’z))]> (A40)
=V, [/0/z9(9,33;(b(e,m))%’(@,x,y,qﬁ(g@))dxdﬁ} (A41)
= /0/3:V¢ [q(0, 25 ¢9.2))Z (0, %, Y, b(9.2))] dzdb (A42)

793 which decomposes to

WWWM=A/WWQMWM%MmeMMM

+//%@L%%@WHWJWmM@M(M@
0Jx

704 Note that the gradients V are taken with respect to the variational parameters. This
795 presents a complication, as examining the second term of (A43), we are left with the sit-
796 uation that Vg [q(ﬁ, z; ¢(97$))] is by and large unavailable, as ¢ can be sampled from, but
707 is usually not analytically differentiable. Our joint variational family ¢ is no exception
708 to that pattern; our marginal mean-field ¢(f; ¢p) has the straightforward analytic form
799 given in (A27), but use of the neural moving average flow as the variational family for

800 q(x|0; ¢) precludes the overall joint density ¢(6,x; ¢(g,5)) from having an orderly closed
801 form.

802 To ultimately compute the gradient of an expectation as in (A40) in numerical fash-
803 ion, we thereby turn to the reparameterization trick set forth in Salimans and Knowles

804 (2013) and Kingma and Welling (2014). The reparameterization trick involves setting

805 (6,z) as an output of an invertible, deterministic, and differentiable function g(z, ¢4 1)),
806 where z is a random vector sampled from some fixed density ¢(z). This enables us to tractably
807 take a gradient of a simpler fixed distribution whose probability density function is eas-

808 ier to differentiate and not dependent on the variational parameters ¢ (Ruiz et al., 2016).
809 In our case, z elements are sampled from standard normal distributions and un-

810 dergo invertible transformations to proceed to x. 6 is still directly sampled from its mean-
811 field logit-normal family described in section 5.4 as part of the operations of g. Hence,

812 L can be estimated with each VI training iteration with Monte Carlo sampling of z and
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2~ (0, Iy) (A44)
09, 2% = (%), p(p.2)) (A45)

where Iy is an identity matrix with number of diagonal entries matching the total = dis-
cretization indices N. The superscript (s) indexes an individual draw from a distribu-
tion. We can then re-frame (A40) from an analytically intractable gradient of an expec-
tation to a numerically assessable expectation of a gradient with

q(z [ <% 9 Y, ¢ ))>] (A47)
Z Vo <% (09,29, y, ¢ o, a:))> (A48)

VLo, ZV¢< |9, 00,01 60.0))] ) (A49)

S denotes the total number of independent ¢ and z samples drawn per training itera-
tion. VL[¢(p,q)] specifies the Monte Carlo estimate of VL[¢ g 4)].

5.5 Masked neural moving average flow architecture

In general, flow architecture includes a chain of bijections, or invertible transfor-
mation functions mapping an object in a set one-to-one to an object in another set. Flows
can be decomposed into

x=g(z)=gmogm_19--0gmo---0gi(2) (A50)

where o notates function composition operations and M marks the total number of bi-
jections. In the generative direction, our flow takes us from a random object z, as de-
fined in section 5.4, to a random object x corresponding to a set of approximated SCON
trajectories in the SSM.

A generative flow is constructed such that computation of log ¢(z|0; ¢.) in (A36)
is available to facilitate the optimization of ¢(x|0; ¢,). The log-density of x is available
through the change of variables formula:

T
log q(x Z ©(z¢) — log|det J| (A51)
t=1
T M
logg(z) = Z o(z) — log H |det Jp | (A52)
t=1 m=1
T M
logg(z) = Z o(z) — Z log |det J,| (A53)

~
Il

1

where J is the Jacobian matrix of the overall transformation and J,, is the Jacobian of
bijection g,, with respect to the intermediate transformed variable g, 1 0¢gy_20---0
91(2). We use p(z;) to indicate the log-density of each element of z, so each ¢(z;) is then
a unit standard normal log-density in our framework. We notate the density function

of z with ¢(z). Since ¢(z) is the starting distribution before transformations are layered,
it is also termed the base distribution.

The particular flow we implemented as the marginal variational family for ¢(z|0)
was patterned after the original neural moving average flow introduced in Ryder et al.
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(2021). Neural moving average flows include affine bijections (Dinh et al., 2015; Kingma
et al., 2016; Dinh et al., 2017; Papamakarios et al., 2017) among the functions consti-
tuting ¢ in which an z°" is transformed from an 2™ in the general form of

" =40 @™ (A54)

where ® represents elementwise multiplication to denote that j, o, and 2™ can be ma-
trices and vectors in addition to scalars, though our explicit situation involves scalars.

w1 and o are respectively known as shift and scale values of the bijection and it is required
that o € R;. Cumulative 4 and o values of a flow are usually implemented as trained
outputs of a neural network and are super- and subscripted to identify the transforma-
tion layer and input elements they correspond to. They are notated as such by conven-
tion and not to be confused with the similarly notated target logit-normal mean and stan-
dard deviation parameters in section 5.2.

These linear affine transformations are basic in structure and consequently are in-
dividually not so ezpressive, or able to flexibly transition a base distribution into sub-
stantially different distributions of varying complexity. However, when layered repeat-
edly and stacked, their cumulative expressivity increases and with sufficient layers, com-
posite affine functions can come to embody any distribution that is log-concave and book-
ended by declining density tails (Lee et al., 2021), which represents a large swath of prob-
ability distributions.

Neural moving average flows are specifically distinguished from other flows contain-
ing affine layers through their execution of affine bijections with 1-dimensional convo-
lutional neural networks (CNNs). To apply 1-dimensional CNNs rather than 2-dimensional
CNNs, we note that for systems with D > 1, like SCON family instances, we must be-
gin with z in a 1-dimensional “melted” form that is D-T elements in length before re-
shaping the final transformed = to a D x T matrix matching the SDE solution struc-
ture demonstrated in (A2) following the conclusion of g. Thus, in equations (A44) and
(A53), we respectively replace N and T in each equation with D-T in our implemen-
tation.

Through masking, in which inputs to the convolution patch are zeroed out through
multiplication by weights, the flow is imbued with an autoregression property in which
the o; and p; values producing an ith element of an output vector z does not depend

and convolve on any element z;>; in the base input vector (Papamakarios et al., 2017).
- M

This autoregression is critical for the intent of arranging the computation of )~ log|det J,|

in (A53) to be manageable. The autoregression ensures that J is a diagonal matrix whose
non-zero elements are the o scale parameters underlying the overall transformation, which
simplifies calculation of det J and log g(x) to

T

loga(z) = wz) = S Y logoy” (A55)

=1t=1

where 07" is the scale parameter associated with the bijection or transformation produc-
ing the tth term of the mth affine layer. Masking ensures that when calculating a new
value at a specific position, only the previous values in the sequence are considered, which
is crucial to maintain the invertibility of the flow and allow efficient density estimation.

Autoregressive convolutions and affine bijections used in our flow implementation
occur within restdual blocks. These blocks contain layers that mitigate training and ap-
proximation errors as network depth increases. Residual blocks do this with the use of
skip connections, which carry the output from previous layers to serve as input to sub-
sequent layers and, in doing so, prevent noisy degradation of the information cascading
through the network (He et al., 2016).
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884 In each residual block, we perform two masked 1-dimensional convolutions, Con-

835 volution A and Convolution B, that each have a kernel length of 3 elements and a stride
836 length of 1. To enshrine autoregressiveness of the flow, Convolution A applies a kernel
887 masked as [1,0,0] that outputs a shift and scale value pair. The Convolution A oper-
888 ation and associated affine bijection can be generally expressed as
(ir05) = fM(}y) (A56)
2" = i + oy - (A57)
889 where y;, 0;, 71", and 29" are scalar elements of vectors and f# is the Convolution A
890 operation. The subsequent Convolution B involves a single stride kernel masked as [1,1, 0]
801 and it can be expressed together with its associated bijection as
(iy0i) = [P (@, 2l") (A58)
o =y + oy - 2l (A59)
892 Combined, the two convolutions in sequence have a total receptive field length of 2.
893 To be able to produce the u and ¢ parameters associated with the affine transfor-
894 mation of vector endpoint elements under autoregressive alignment, both convolutions
895 require zero padding, in which zero elements are added to either end of the vector. With-
896 out zero padding, the kernels producing (u9, o4) and (1§, o) would lack 1 ele-
807 ment to convolve on, and the kernels sourcing (p3i4, oid) and (uQ¥t, o) would by over-
308 hang their vectors by 1. A zero pad of length 1 was thereby sufficient for our purposes.
899 In our convolution implementation, input is expanded into many channels, which
900 are duplicates of the input vector that are stacked on top of each other in a matrix. At
901 each convolution stage, the same kernel is applied in parallel across all the channels. En-
902 larging channel depth broadens the space of neural network weight values constituting
903 f# and fP that can be explored per training iteration. Following machine learning con-
904 vention, we set the number of channels at 96 for both convolutions and did not exper-
905 iment further with channel depth. Our implementation also uses auxiliary features ex-
906 tracted from y and observation indices O in the form of vectors stacked on top of the
907 input channels to inform training of the neural network weights associated with the shift
908 and scale values. Further elaboration on the incorporation of auxiliary information is avail-

909 able in the supplement of Ryder et al. (2021).

010 In the overall flow procedure, the convolutions and affine bijections in the affine

o11 residual block are linked with other transformations that we organize into repeatable sets
o12 of layers. Preceding the affine blocks are order-reversing permutations, in which element
o3 order of a vector input is flipped such that a vector [, i}, ..., 28] becomes [z§1¢, 25u¢, ..., Q%] =
014 [zin, 2 .. zi"]. Order-reversing permutations are a method of extending the expres-
015 sivity and stability of a flow by enabling more complex dependency structures while pre-
016 serving flow autoregression (Papamakarios et al., 2021). We found that adding order re-
017 versals allowed us to modestly boost our ELBO learning rates. The permutations can

018 be seamlessly interspersed between other transformations since their absolute Jacobian

019 determinant is valued at 1, so they do not affect the computation of log ¢(z).

020 Differing from the neural moving average flow of Ryder et al. (2021), our flow fol-

921 lows affine blocks with batch renormalization transformations. Batch renormalization

02 is a simple extension of batch normalization, which is a means of normalizing and reg-

023 ularizing our variational samples such that our optimization is less influenced by ran-

024 dom fluctuations in neural network weights and sample characteristics from one train-

25 ing iteration to the next (Ioffe & Szegedy, 2015). Similar in intent to permutations, batch
926 normalization and renormalization are applied to bolster algorithm stability and flex-

027 ibility with increasing layer depth. They empirically allow VI algorithms to tolerate higher
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learning rates (Bjorck et al., 2018), poor initialization of variational parameters ¢ (Zhu
et al., 2020), and erratic base distribution 2(8) draws.

Batch normalization and renormalization overlap in the following steps that com-
pute a batch mean ps and batch standard deviation os from input x™ samples, not to
be confused with the affine bijection and logit-normal p and o:

S
1 in
Hs =3 ;x (A60)
1 S
0s=,|et 5 ;(xisn — us)? (A61)

where € is a small constant added for stability. pus and og are involved in computation
of the optimization objective—again, L[d(g .| for our purposes—during the model train-
ing phase. They also update a lagging running average pgr and running mean og that
are less sensitive to change. ur and og are used after training of the model—the joint
variational family ¢(6, z; ¢ 4)) in this setting—has been halted to estimate the objec-
tive metric at the testing stage.

In the testing phase, batch renormalization and normalization are equivalent in trans-
forming input to output:
. xin _
gmid = L FR (A62)
OR
e | (A63)

The collection of 7} and T}* parameters in each flow layer set are learned neural net-
work outputs. Batch renormalization diverges from batch normalization during train-
ing with the steps

r=25 (A64)
oR
d=Hs—HR (A65)
oR
gmid = T THS g (A66)
gs
l,out =~ zmid 4+ (AG?)

where r and d are variable correction factors. r and d are intended to limit the diver-

gence between batch and running sample characteristics. r is clipped between the inter-

val [1/7max, Tmax], where ryax is increased to 3 over the course of inference, and d is clipped
between the interval [—dmax, dmax), Where dpax is increased to 5. These intervals were
established based on guidelines from previous empirical work (Ioffe, 2017). Batch nor-
malization is a special case of batch renormalization where r = 1 and d = 0.

Batch renormalization’s changes more tightly correlate the batch and running sam-
ple characteristics and have been documented to minimize discrepancy between train and
test objectives (Ioffe, 2017). We observed this with our ELBO results, where consistent
gaps remained between the train and test L[¢g 4] until we swapped batch normaliza-
tion for renormalization. Batch renormalization also improves training on low batch sizes
(Toffe, 2017; Summers & Dinneen, 2020), and in our position where variational path sam-
ples were limited by GPU video memory constraints, renormalization was helpful for de-
creasing the total number of training iterations we needed for algorithm convergence. Note
that in VI, convergence corresponds to evidence of training of the model toward an op-
timization objective minimum for gradient descent (or maximum for gradient ascent),
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whereas convergence in MCMC corresponds to evidence of algorithm approach toward
similar posterior density estimates across multiple chains.

With batch (re)normalization layers, log () accrues log determinant Jacobian sum-
mation terms corresponding to those transformations and develops from (A55) to be-
come, in the training phase,

T M T
log q(z) = Z@(zt) — Z Z [log 07" —logry* —log " + log o'd,] (A68)
t=1 m=1 t=1
or in the testing phase,
T M T
logq(z) =Y p(ze) = Y Y [logo* —log{" + log oz ] (A69)
t=1 m=1t=1

where we now take M to mark the total number of layer sets rather than layers as we

did before in (A55). This assumes that each layer set always includes 1 single affine block
and 1 batch renormalization layer. Substituting (A68) or (A69) into (A36) for log q(x|0; ¢5)
leads respectively to our fully decomposed train or test L[¢g )] calculation unless an
optional single softplus transformation is used to ensure constraint of flow output to Rx>.
In that case, the resulting train log ¢(x) is

T M T
log q(z) = Zcp(zt) - Z Z [log 07" —logry* —log" + log o0&,

t=1 m=1t=1
T
- Zlog(—e_m‘ +1) (A70)
=1

where x is our terminally transformed random variable following softplus constraint. Set-
ting

M
At = @(2¢) — log(—e ™ +1) — Z (log ot —logry" —log~y" + log agft) (AT1)
m=1
T
logg(z) =Y A (A72)
t=1

our fully decomposed train L[¢,4)] calculation that we use in each iteration of VI op-
timization (Algorithm 1) then consolidates from (A36) into

L[)0.2)) = Eq0,2:66..,) (log p(0) + log p(yo|xo, &) — log q(6; ¢o)

T
+ > logp(yilzs, 0) + Y [logp(wi|zi—1,0) — A])  (AT3)
1€ET t=1

with softplus flow termination. The test ELBO equation is equivalent except for use of
a different \; assignment that lacks the logry" term and swaps o', for o7 ;.

It is apparent that each layer set of our neural moving average flow corresponds
to a matrix of hidden parameters, including affine and batch renormalization parame-
ters, of dimensions [T, h], where h is the count of hidden parameters per layer set. Thus,
when conditioning on long, dense T' data that is complex in such a manner that would
require many layer sets for flow representation, we note that a different choice of marginal
variational family for ¢(«|6) aside from the neural moving average flow may be appro-
priate for minimizing computational expense.
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5.6 Kalman smoother

The Kalman smoother procedure is a two part process consisting of a forward pass
followed by a backward pass. The forward pass computes a “filtering” posterior p(z+|yo.¢),
which notates the posterior of z; given observations up to the time indexed by ¢, going

forward in time from ¢t = {0,...,T}. The backward pass computes a “smoothing” pos-
terior p(a¢|y), which notates the posterior of x; given all observations, going backward
in time from ¢ = {T,...,0}. Reconciling the “filtering” and “smoothing” posteriors pro-

duces the true p(z|y). Flow VI in contrast can only numerically estimate p(z|y) through
a variational approximation, and can function without exact knowledge of 8 given un-
informed prior distributions, estimating the joint density p(z,0|y) via variational approx-
imations.
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